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Abstract
It is well known that the sample mean and variance of a random sample drawn from a normal
population independently follow normal and chi-squared distributions. The proof for the independence
usually relies on the condition for the independence of two quadratic forms or a linear and a quadratic
form, the orthogonal transformation, or the concept of sufficiency. This note gives a much more

straightforward proof by induction without using such advanced subjects.
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1. Introduction

Let X;, i = 1,...,n (> 2) be a random sample drawn from a N (u, 0?) distribution. It is well

known that the sample mean

and variance
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have the following properties:

(@) X, ~ N (u,0%/n).
(b) W, :=(n—1)s2/0> ~ X7 ;.

(¢) X and s? are independent.

Although (a) and (b) are shown straightforwardly by the transformations of normal
random variables, statistics textbooks show (c) separately by relying on the condition for
the independence of two quadratic forms or a linear and a quadratic form (e.g. Theorem
4.17 in Graybill, 1961; Theorem 2 of Chapter 12 in Hogg and Craig, 1970; and the first
proof for Theorem 3.5.1 in Tong, 1990), the orthogonal transformation (e.g. Appendix 1.5 in
Hoel,1962; the second proof for Theorem 3.5.1 in Tong, 1990; and Theorem 6 of Chapter 9
in Roussas, 1997), or the concept of sufficiency (e.g. Application after Theorem 9 of Chapter
11 in Roussas, 1997). Instead, this note demonstrates (a)(b) and (c) together by induction.
The proof is free of the aforementioned subjects, which are often beyond the scope of course
work for introductory mathematical statistics. The knowledge on moment generating
functions or characteristic functions is not presumed, either. It may appear that the proof
requires alternative advanced subjects of differential and integral calculus including the
Jacobian, the Gamma and Beta functions. However, such subjects have been applied for
the proof of (b) (the derivation of the probability density function (abbreviated as “p.d.f.”

hereinafter) of xi,l) rather than (c), and thus they are not additional prerequisites.

2. The Proof

The proof starts with the case of n=2. Observe that

= 1 1 - _
X2 = 5 (Xl +X2) and W2 = ; {(Xl — X2)2 + (X2 — X2)2} .

Solving this system for (X7, X») yields
X1 |
Xy |
and thus the Jacobian for the transformation from (X7, X») to (X% Wg) is

_ 0X,/0Xy 0X,/0OWy | 1 +0/(2V2yWe) | o 1
=t [ 0X5/0Xy 0X5/0Ws } = det [ 1 Fo/ 52\/5\/W23 ] a $ﬁ\/‘/72'

XQ + %\/W2

Xy + 5, }

Then, the joint p.d.f. of (X2, W) becomes
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f(;z?,wz) (T2, w2)

2(7a) o[- () -] (G5 )
(7)o [ () mr 2] (G
frgt = (9]

where I'(a) = OOO y*lexp(—y)dy, a >0 is the Gamma function. Therefore, X, ~
N (p,0%/2), Wy = (2 — 1) s2/0% ~ x2, and X, and W, (and thus s3) are independent.

Next, suppose that X,, ~ N (u,02/n), W,, ~ x2_,, and X,, and W,, are independent for some
n(>2). Consider the case of n+1. Since (X,,W,, X,+1) are mutually independent, the
joint p.d.f. of (X, Wy, X,,41) is

1 expd — (22— p)
V21 (0/v/2) 2(0?/2)

f()‘(mwmxnﬂ) (im W, xn+l)

— L exp{ — (0 —)° ! wa? exp (_%)
V27 (a/+/n) 2(02/n 27T (nh) 2

)
X [\/%Uexp{—W}} . D

Now derive the joint p.d.f. of (Xn+1, Wn+1) using (1). Let Y;,1=X,,1. Then, straightfor-

ward calculations yield the transformation from (Xn, W, Xn+1) to (Xnﬂ, Wi, Yn+1) as

r < 1 n_ vy

Xnt1 X X )

_ 1 v

Wit = | W, + [crsyrel (Xn+1 - Xn)

L Yoi Xnt1
Solving this system for (X, W,,, X,.+1) gives
[ Xn nTﬂXnJrl - %YnJrl
= 2

Wn = Wn+1 - % (Yn+1 - Xn+1) ) (2)

L XTL-H Yn+1

and thus the Jacobian for the transformation from (X, Wy, Xn11) to (Xni1, W1, Yoi1) is

[ 0X, /0K 0K )OWnpy 0K, /0Ypi
J = det BWn/an+1 3Wn/5Wn+1 BWn/E)YnH
L 8)(nJrl/a)(nJrl a)(n+1/avvn+1 a)(n+1/8Yn+1

n+l 0 1
= det | 2 (%z}) (Yn+1 - Xn+1) 1 -2 (%) (Yn+1 — Xn—H)
i 0 0 1
n+1
- == ®
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Substituting (2) and (3) into (1) and rearranging it yield the joint p.d.f. of (X, 1, Wis1, Yas1) as

f(Xn+1,Wn,+1,Yn+1) (j"'H’ Wnt1, yn+1)

1 1 1 n+1{ n+1( . )2}"511
= = / Wn, - T o \Un — An
27T (%) 2m (0/y/n) V2o n LT g W +
1
X exp [—%2 {oPwni1 + (n+1) (Zng1 — ,u)Q}] ) (4)

To integrate out Y41 from (4) to obtain the joint p.d.f. of (X411, Wn1), consider

n-1_4

& n+1 B 2
/ {wn+1 T ot (Y1 — $n+1)2} dYn1-

[eo]

Letu = w1 — (0 +1) (Yns1 — jn+l)2 /(no®). Then, by

n n 1
el = Tpt1 £ 1| ——0/Wpy1 — w and dy,.q = du,
Yol = It 0 [0 OV Yot = 1% —a

the integral becomes

n—1

o n+1 B 9 ot
Wn1 — — 5 (yn+1 - $n+1) dYn41

2
e no

Wn 41
n n—1_ _1
o wz Wyt —u) 2 du
n+1 J
1
n 1 fWndr U T2
7‘”%4?1/ we '1- du.
n+1 0 Wp41

Furthermore, let v = u/w, 1. Then, by v = w,1v, du = w,1dv and the definition of the

Beta function, this integral reduces to

I
S
Q
g
3
+
=
Ss—
>, i
—
g
3
+
-
<
N
3
vl
—
—
|
<
=
N
S
3
+
AN
QU
<

(5

Then, by (4) and (5), the joint p.d.f. of ( X i1, Wn+1) finally becomes
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f(X“+laWn+1) (f”‘H’ w"+1)

o0
/ f()?n+17wn+l,yn+1) (i’n+1, Wn+1, yn+1) dyn+1
—00

B 1 1 1 nt+l [ n Uwg,lr("%l)\/%
2T () Ver(o/vn) Vame n Vn 1 T (3)

1
X exp [_M {o* w1 + (0 +1) (T — H)Q}}

N[3

— 1 exp{ — (:EnJrl - N)
Ver (o/vn+1) 202/ (n+1)

Therefore, X, ~ N (p,0°/(n+1)), Wo1 ={(n+1) =1} s}, /0> ~ x; , and X,,; and

W41 (and thus s2, ) are independent. This completes the proof by induction.
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